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1 (Approx. GCD Over Integers)
Let $f(\vec{x})$ and $g(\vec{x})$ be polynomials in variables $\vec{x}=x_{1},$ $\ldots,$ $x_{\ell}$ over $Z$, an$d$ let $\epsilon$ be a small positive integer.
If $f(\overline{x})$ and $g(\vec{x})$ satisfy
$f(\vec{x})=t(\vec{x})h(\vec{x})+\Delta_{f}(xrightarrow),$ $g(\vec{x})=s(\vec{x})h(\overline{x})+\Delta_{g}(\vec{x}),$ $\epsilon=\max\{\Vert\Delta_{f}\Vert, \Vert\Delta_{g}\Vert\}$ ,
for some polynomials $\Delta_{f},$ $\Delta_{g}\in Z[\vec{x}]$ , then we say that the above polynomial $h(\vec{x})$ is an approximate
$GCD$ over integers. We also say that $t(\vec{x})$ and $s(\vec{x})$ are approximate cofactors over integers, and
we say that their tolerance is $\epsilon$ . ( $\Vert p\Vert$ denotes a $sui$table norm of polynomial $p(\overline{x}).$ ) $\triangleleft$
1( GCD : )
$f(x_{1}, x_{2})$ $g(x_{1}, x_{2})$ , $GCD$
$f(x_{1}, x_{2})$ $=$ $89x_{1}^{2}x_{2}^{2}-87x_{1}x_{2}^{2}-136x_{2}^{2}+15x_{1}^{2}x_{2}+132x_{1}x_{2}+119x_{2}-42x_{1}^{2}+166x_{1}+139$,




$f(x_{1}, x_{2})$ $\approx$ $(18x_{1}x_{2}+15x_{2}+14x_{1}+10)(5x_{1}x_{2}-9x_{2}-3x_{1}+14)$
$=$ $\underline{90}x_{1}^{2}x_{2}^{2}-87x_{1}x_{2}^{2}-13\underline{5}x_{2}^{2}+1\underline{6}x_{1}^{2}x_{2}+13\underline{1}x_{1}x_{2}+1\underline{20}x_{2}-42x_{1}^{2}+166x_{1}+1\underline{40}$ ,
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GCD , ,






$Syl_{r}(f, g)$ $f(\vec{x})$ $g(\vec{x})$ $r$ , $r=0,$ $\ldots,$ $\min\{n, m\}-1$
$\mathcal{P}_{m-r-1}\cross P_{n-r-1}$ $arrow$ $\mathcal{P}_{n+m-r-1}$
$Syl_{r}(f, g)$ :
$(s(\vec{x}), t(\vec{x}))$ $\mapsto$ $s(\vec{x})f(\tilde{x})+t(\vec{x})g(\vec{x})$ .
, $\mathcal{P}_{d}$ $d$ , $f,$ $g\in Z[x_{1}, \ldots, x_{\ell}],$ $n=t\deg(f),$ $m=$
tdeg $(g)$ $r$ , $f(\overline{x})/t(\vec{x})$ $g(\vec{x})/s(\vec{x})$
, $f(\vec{x})$ $g(\vec{x})$ GCD , $p(\vec{x})$ $\vec{p}$
2( )








$Syl_{r}(f, g)=(C_{m-r}(f)|C_{n-r}(g))\in Z^{(\beta_{n+m-1,r})x(\beta_{m-1,r}+\beta_{n-1,r})}$ .
$\triangleleft$
, GCD , GCD
, [2] GCD ,
$Syl_{r}^{E}(f, g)$ , $E_{i}$ $i$ , $c_{B}\in Z$
$Syl_{f}^{E}(f, g)=(E_{\beta_{n-1.r}+\beta_{m-1,r}}|c_{B}\cdot Syl_{f}^{t}(f,g))$ .
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5( $Syl_{r}^{E}(f,$ $g)$ )
$B$ $f(\vec{x})$ $g(\vec{x})$ , $c_{B}=2^{(\beta_{n-1,r}+9_{m-1,r}-1)/2}l$ $\pi$ -l,r $\zeta$-l, $rB$
, $rl$ , $LLL$ $Syl_{r}^{E}(f, g)$
, $f(\vec{x})$ $g(\vec{x})$ $GCD$ , $\beta_{n-1.r}+\beta_{m-1,r}$
$\triangleleft$






Gelfond $c_{B}=1$ , $Syl_{0}^{E}(f, g)$
, $GCD$








, , $H(f, g, t, s)$
, GCD , $s,$ $t$ , $E_{i}$ $i$
, $c_{H}\in Z$
$H(f, g, t, s)=(E_{\beta_{r+1,O}+1}$ $c_{H}\cdot C_{r+2}(-t)^{t}c_{H}\cdot f^{arrow}$ $c_{H}\cdot C_{r+2}(s)^{t}c_{H}\cdot\vec{g})\cdot$
6($H(f,g,$ $t,$ $s)$ )
$B$ $f(\vec{x})$ $g(\vec{x})$ , $c_{H}=2^{\beta_{r}+1,0/2}\sqrt{\beta_{r+1,0}+1}B+1$ ,
$r\ovalbox{\tt\small REJECT}$ , $H(f, g, t, s)$ ,





Gelfond $c_{B}=1$ , $Syl_{0}^{E}(f, g)$
, ,
,
$(\begin{array}{llllllll}1 0 0 0 -24 0 49 00 1 0 0 0 -24 0 490 0 1 0 25 70 49 00 0 0 1 0 25 70 49\end{array})arrow(\begin{array}{llllllll}-2 -3 -2 3 -2 7 14 0-5 -7 -5 7 -5 -7 0 07 9 6 -9 -l8 -2l 7 03 5 3 -4 3 -10 l4 49\end{array})$ .
, $H(f, g, t, s)$ ,
, , $c_{H}=1$
$(\begin{array}{lllllllll}l 0 0 -24 0 49 25 70 490 1 0 5 -7 0 -5 -7 00 0 l 0 5 -7 0 -5 -7\end{array})arrow(\begin{array}{lllllllll}l 5 7 l 0 0 0 0 00 l 0 5 -7 0 -5 -7 00 0 1 0 5 -7 0 -5 -7\end{array})$ .






$t(\vec{x})$ $s(\vec{x})$ , $Syl_{r}^{E}(f, g)$ $\tilde{u}$
, , $\vec{u}$
$t(\vec{O})=0$ while $|f(\vec{0})|>\epsilon$ or $s(\vec{O})=0$ while $|g(\vec{0})|>\Xi$ .
$\triangleleft$
Criterion 2( )
$t(\overline{x})$ $s(\overline{x})$ , $Syl_{r}^{E}(f, g)$
, , $\vec{u}$
$n$ -tdeg$(t)>m$ -tdeg$(s)$ while $\Vert term_{n}(f)\Vert>\epsilon$ ,
or $n-$ tdeg$(t)<m-$ tdeg $(s)$ while $\Vert term_{m}(g)\Vert>\epsilon$ .
, termd $(p)$ $d$ $\triangleleft$
Criterion 3( )
$t(\vec{x})$ $s(\tilde{x})$ $n-k$ $m-k$ , , $\vec{u}$
, $cf_{x^{d}}\dot{.}(p)$ , $p(\vec{x})$ $x_{i}^{d}$
148
(1) $|cf_{x^{n-k}}.(t)|+|cf_{x_{i}^{m-k}}(s)|\neq 0$ ,
$\exists i,$ $| \frac{|cf_{x_{i}^{n-k}}(t)cf_{x_{i}^{m}}(g)|-|cf_{x_{i}^{m-k}}(s)cf_{x_{i}^{n}}(f)|}{|cf_{x_{i}^{n-k}}(t)|+|cf_{x_{i}^{m-k}}(s)|}|>\epsilon$
or $\exists i,$ $||$cf$x_{i}^{m}(g)|- \frac{|cf_{x_{i}^{m-k}}(s)|(|cf_{x_{l}^{n}}(f)|+|cf_{x^{m}}(g)|)}{|cf_{x_{i}^{n-k}}(t)|+|cf_{x_{i}^{m-k}}(s)|}|>\epsilon$.
(2) $|cf_{x_{i}^{n-k}}(t)|+|cf_{x_{\dot{t}}^{m-k}}(s)|=0B^{y}$ $\exists i,$ $\max\{|cf_{x_{i}^{n}}(f)|, |cf_{x_{i}^{m}}(g)|\}>\epsilon$ . $\triangleleft$
,
1( GCD - ( )-)
Input: $f(\vec{x}),$ $g(\vec{x})\in Z[x\neg]$ , of to$tal$ degrees $n$ and $m$ , respectively.
Output: $s(\vec{x}),$ $t(\vec{x}),$ $h(\vec{x})\in Z[\vec{x}]$ satisfying $f(\vec{x})\approx s(\vec{x})h(\vec{x})$ an$dg(\overline{x})\approx t(\vec{x})h(\vec{x})$ .
1. $\epsilonarrow 1$ and while $\epsilon<\min\{\Vert f\Vert, \Vert g\Vert\}$ do 2-11
2. $r arrow\min\{n, m\}-1$ an$d$ while $r\geq 0$ do 3-10
3. construct a matrix $Syl_{r}^{E}(f, g)$ with $c_{B}=1$
4. $c arrow\max\{\Vert f\Vert, \Vert g\Vert\}$ and while $c\leq C_{B}$ do 5-9
5. $m$ultiply the right $\beta_{n+m-1,r}$ col$umn$ vectors of $Syl_{r}^{E}(f, g)$ by $\max\{\Vert f\Vert, \Vert g\Vert\}$
6. apply the $LLL$ algorithm to row vect$ors$ of $Syl_{r}^{E}(f, g)$
7. for each lattice basis vector unsatisfying the criteria,
sorted by the norm of right $\beta_{n+m-1,r}$ columns, do 8
8. apply the $LLL$ algorithm to a matrix $H(f,g, t, s)$ ,
let $h(\vec{x}),$ $t(\vec{x}),$ $s(\vec{x})$ be candidate approximate $GCD$ and cofactors,
an$d$ ou$tp$ut $h(\vec{x}),$ $t(\vec{x}),$ $s(\vec{x})$ if $\Vert f-th\Vert+\Vert g-sh\Vert\leq 2\epsilon$
9. $c arrow c\cross\max\{\Vert f\Vert, \Vert g\Vert\}$
10. $rarrow r-1$
11. $\epsilonarrow\epsilon\cross 10$
















$\sum f_{i}^{arrow}(\vec{x})z\Rightarrow g(\vec{x})(\sum h_{i}(\vec{x})z)+\Delta_{f}(\vec{x}, z)$ .
2( GCD )
Input: $f(\tilde{x})\in Z[x\urcorner$ .
Output: $f(\vec{x})$ .
1. $i=1$
2. $f(\vec{x})$ $\sum_{j}f_{j}(x_{1}, \ldots, x_{i-1}, x_{i+1}, \ldots , x’)$
3. $f_{j}(x_{1}, \ldots, x_{i-1}, x_{i+1}, \ldots, x\ell)$ $GCD$
4. $GCD$ ($g(\vec{x})$ ) , $g( \vec{x})(\sum h_{t}(\vec{x})x_{i})+\Delta_{f}(\tilde{x})$ .
5. $i=i+1$ , $i\leq\ell$ 2 , $f(\vec{x})$ $\triangleleft$
, GCD
GCD , ,
$(f_{0}(\vec{x}), \ldots, f_{k}(\vec{x}))$ , $S_{r}$ ,
GCD , GCD
, Rupprecht[3]
$S_{r}:\{\begin{array}{l}\prod_{i=0^{\mathcal{P}_{n}}:-r-1}^{k} arrow \prod_{i=1}^{k}P_{n_{O}-n.-r-1},[Matrix] \mapsto [Matrix].\end{array}$
, $S_{r}$ (fo $f_{k}$ ) ,













, , LLL , $O(n^{4}logA)$ $(n$ , $A$
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